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We present a theoretical analysis of low frequency dynamics of a single-channel mesoscopic capac-
itor, which is composed by a quantum dot connected to an electron reservoir via a single quantum
channel. At low frequencies, it is known that the Wigner-Smith delay time τW plays a dominant
role and it can be interpreted as the time delay between the current leaving the dot and the current
entering the dot. At higher frequencies, we find that another characteristic time τS can also be
important. It describes the deformation of the leaving current to the entering one and hence can
be referred as the deformation time. At sufficient low temperatures, the deformation time τS can
be approximated from the second-order derivative of τW via a simple relation τ
′′
W /τ
3
S = 24/~
2. As
the temperature increases, this relation breaks down and one has instead τ ′′W /τ
3
S → 0 in the high
temperature limit. We further show that the deformation time τS can have a pronounced influence
on the quantum inductance Lq of the mesoscopic capacitor, leading to features different from the
ones of the quantum capacitance. The most striking one is that Lq can change its sign as the
temperature increases: It can go from positive values at low temperatures to large negative values
at high temperatures. The above results demonstrate the importance of the deformation time τS
on the ac conductance of the mesoscopic capacitor.
PACS numbers: 73.23.-b, 72.10.-d, 72.21.La
I. INTRODUCTION
The understanding of the low-frequency ac conduc-
tance of quantum conductors has attracted renewed in-
terest in recent years.1–5 In the linear response regime,
it has been demonstrated that the ac conductance is
directly related to the Wigner-Smith delay time of
electrons.1 This offers a means to investigate the charge
dynamics on a mesoscopic scale.6 In the nonlinear regime,
the control and manipulation of a single electron have
been realized at gigahertz frequencies.3–5 This opens the
way to the new generation devices which can serve as
building blocks for quantum electron optics and quan-
tum information processing.7–9
As an elementary structure in this area, the mesoscopic
capacitor10,11 plays a central role. It is composed by a
quantum dot (QD) and an electron reservoir, connected
via a quantum point contact (QPC), as illustrated in
Fig. 1. The QD is capacitively coupled to a metallic
electrode, which forms a geometrical capacitor with ca-
pacitance Ce. The low-frequency ac conductance of the
mesoscopic capacitor has been extensively studied both
theoretically12–21 and experimentally.1 It has been found
that the Wigner-Smith delay time τW is crucial to the
ac conductance up to the second order of the frequency
ω, leading to a quantum capacitance Cq = e
2τW /h and
a universal charge relaxation resistance Rq = h/(2e
2)
for the single-channel mesoscopic capacitor. The corre-
sponding ac conductance G(ω) can be expressed as
G(ω) = −iωCµ(1 + iωRqCµ) +O(ω2), (1)
where Cµ = 1/(1/Ce + 1/Cq) is usually referred as the
electrochemical capacitance.10
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FIG. 1. (Color online) (a) Mesoscopic capacitor. The tun-
neling between the QD and the reservoir are controlled via
the QPC. An external ac field Vac causes the carrier exchange
between the QD and the reservoir, leading to an ac current
Iac. The QD and the metallic electrode on the right are ca-
pacitively coupled, which does not permit carrier exchange.
(b) The low-frequency equivalent circuit of the mesoscopic
capacitor. The geometrical capacitance Ce (formed between
the QD and the right electrode) is in series with the quantum
conductance gq. At low frequencies, gq can be characterized
by a quantum capacitor Cq, a charge relaxation resistance Rq
and a quantum inductance Lq.
low-frequency ac conductance can be vividly interpreted
within the delayed current picture introduced by Ringel
et al..16 They show that the total current of the meso-
scopic capacitor can be interpreted in terms of an in-
coming current and an outgoing current. While the in-
coming current responds instantaneously to the external
driving field, the outgoing current is delayed by τW with
2respect to the incoming one. Such picture well captures
the behavior of ac conductance at low frequencies. It
is worth noting that at higher frequencies, the effect of
the Wigner-Smith delay time are expected to be more
pronounced. Wang et al. have shown that up to the
third order of the frequency, it can lead to a quantum in-
ductance Lq = RqτW /12 under the resonance condition
when the QD levels are aligned with the Fermi energy of
the reservoir.22 The corresponding G(ω) can be written
as
G(ω) = −iωCµ(1 + iωRqCµ − ω2C2µR2q + ω2CµLq)
+O(ω3). (2)
The above result highlights the importance of the
Wigner-Smith delay time on the charge dynamics of the
mesoscopic capacitor.
One may wonder whether there are other characteris-
tic times that can also play a role on the ac conductance,
especially at higher frequencies. This is the main mo-
tivation of this work. To study this question, we first
reexamine the delayed current picture and find that the
current delay characterized by the Wigner-Smith delay
time τW can only describe the behavior of the ac con-
ductance G(ω) up to the second order of the frequency.
As the frequency goes higher, another effect —current
deformation— can be important. A new characteristic
time —deformation time τS— is then introduced to de-
scribe such effect. While the Wigner-Smith delay time
τW is decided by the density of states of the meso-
scopic capacitor, the deformation time τS is related to
its second-order derivative. The two characteristic times
can be related via a simple relation
τ
′′
W
τ3S
=
24
~2
. (3)
By incorporating the current deformation into the de-
layed current picture(which can be referred as delayed-
deformed picture), we find that τS can manifest itself in
the quantum inductance Lq as
Lq = RqτW [4
( τS
τW
)3
+
1
6
]. (4)
Due to the effect of τS , the quantum inductance Lq can
have quite different behaviors from the quantum capac-
itance Cq. Specifically, Lq can exhibit dips around the
resonances where Cq exhibits peaks. The Lq obtained by
Wang et al. in Ref. 22 can be treated as a specific case
of Eq. (4) at the resonances.
We further validate the conclusions obtained from the
delayed-deformed picture by performing more realistic
calculations within the non-equilibrium Green’s function
(NEGF) formalism, where the effect of the charging en-
ergy in the QD and the nonzero temperature have been
taken into consideration. We find that the relation be-
tween the deformation time τS and the Wigner-Smith
delay time τW [Eq. (3)] is a good approximation at suffi-
cient low temperatures despite the presence of the charg-
ing energy. As the temperature increases, such relation
tends to break down and one has instead
τ
′′
W
τ3S
→ 0, (5)
in the high temperature limit. We also find that the de-
formation time τS do have a pronounced impact on the
quantum inductance Lq. It can not only lead to dips
around the resonances, but also make Lq changes its sign
at nonzero temperatures: Lq can go from positive values
at low temperatures to large negative values at high tem-
peratures. Thus, just like the universality of the charge
relaxation resistance Rq, the positive definiteness of Lq
can also be regarded as a signature of the quantum coher-
ent transport. The above results demonstrate the impor-
tance of the deformation time τS on the ac conductance
of the mesoscopic capacitor.
The paper is organized as follows: In Sec. II, we gen-
eralize the delayed current picture to include the current
deformation effect. In Sec. III, we present the Hamilto-
nian and the NEGF formalism. The numerical results
from the NEGF formalism are discussed in Sec. IV. We
summarized in Sec. V.
II. DELAYED-DEFORMED CURRENT
In this section, we generalize the delayed current pic-
ture to include the current deformation effect.
Following the scattering formalism,23 the current op-
erator for the single-channel mesoscopic capacitor can be
decomposed into an incoming part Iˆ+ and outgoing part
Iˆ−, which can be expressed as
Iˆ(t) = Iˆ+(t)− Iˆ−(t), (6)
Iˆ+(t) =
e
2π~
∫
dEnˆ+(E, t), (7)
Iˆ−(t) =
e
2π~
∫
dEnˆ−(E, t), (8)
where nˆ+(nˆ−) is the operator describing the occupation
numbers of the incoming(outgoing) channel. They can
be written as
nˆ+(E, t) =
∫
dωe−iωtaˆ†(E − ~ω/2)aˆ(E + ~ω/2), (9)
nˆ−(E, t) =
∫
dωe−iωtbˆ†(E − ~ω/2)bˆ(E + ~ω/2), (10)
where aˆ(E)[bˆ(E)] and aˆ†(E)[bˆ†(E)] are the creation
and annihilation operators of electrons in the incom-
ing(outgoing) channel with energy E, respectively.
For the case of elastic scattering, the operators aˆ and
bˆ are related via the scattering matrix, which can be
described by just a pure phase factor φ for the single-
channel system,24–26
bˆ(E) = S(E)aˆ(E), (11)
S(E) = eiφ(E). (12)
3By substituting Eqs. (11) and (12) into Eqs. (9) and (10),
one obtains the relation between the occupation number
operator of incoming and outgoing electrons,
nˆ−(E, t) =
∫
dt′nˆ+(E, t
′)A(E, t− t′), (13)
where the effects of the scattering are attributed to the
integral kernel A(E, t). It can be expressed in terms of
the scattering phase factor as
A(E, t) =
∫
dω
2π
e−iωte−i[φ(E−~ω/2)−φ(E+~ω/2)]. (14)
If the scattering phase factor φ(E) is slow-varying with
respect to the energy E, the integral kernel A(E, t) can
be expanded with respect to the frequency ω, yielding
the low-frequency expansion
A(E, t) =
∫
dω
2π
e−iωteiωτW+iω
3τ3
S
+O(ω3). (15)
The two parameters τW and τS in Eq. (15) can be written
as
τW (E) = 2π~ρ(E), (16)
τS(E) =
~
2
3
√
2πρ′′(E)
3
, (17)
where ρ(E) = Tr[S†∂ES]/(2πi) representing the density
of states for the capacitor plate,13 while ρ′′(E) denoting
the second-order derivative of ρ(E) with respect to the
energy E.
Equation (15) indicates that at low frequencies, the ef-
fect of the scattering can be described by the two param-
eters τW and τS . The parameter τW is just the Wigner-
Smith delay time, indicating that the due to the scatter-
ing, the outgoing current is delayed from the incoming
current by τW , while the profile of the outgoing current
remains the same as the incoming one. The parameter
τS , which also has dimension of time, indicates that due
to the scattering, the profile of the outgoing current is
deformed from the incoming one. The magnitude of the
deformation can be quantitatively described by τS , hence
it can be referred as ”deformation” time. It is worth em-
phasizing that according to Eqs. (16) and (17), the de-
formation time τS can be related to the Wigner-Smith
delay time τW as
τ
′′
W
τ3S
=
24
~2
. (18)
Both τW and τS can manifest itself in the quantum
conductance gq of the mesoscopic capacitor[Fig. 1(b)].
Up to the first-order of the frequency ω, only the effect
of the current delay can play a role. The corresponding
quantum conductance can be approximated as
gq(ω) ≈ e
2
h
(1− eiωτW (EF )), (19)
with EF being the Fermi energy of the reservoir. This
is just the result obtained within the delayed current
picture.16 Up to the second-order of the frequency ω,
the effect of the current deformation can also be impor-
tant. The quantum conductance gq including this effect
becomes (see Appendix for derivation)
gq(ω) ≈ e
2
h
[1− 2eiωτW (EF )eiω3τ3S(EF )
+eiωτW (EF )]. (20)
Equation (20) demonstrates the effect of the current de-
formation on the charge dynamics of the mesoscopic ca-
pacitor.
As the deformation time τS does not play a role on the
quantum conductance gq up to the first-order of the fre-
quency, it can not affect the quantum capacitance Cq and
the relaxation resistance Rq of the mesoscopic capacitor.
However, it does have a non-negligible influence on the
quantum inductance Lq. To show this, we calculate Cq,
Rq and Lq by matching the impedance of the mesoscopic
capacitor1,10,22
Z(ω) =
1
gq(ω)
− 1
iωCe
, (21)
to the corresponding formula for a classical RLC circuits
Z(ω) =
i
ω
( CqCe
Cq + Ce
− iωRq − ω2Lq
)
, (22)
where the quantum conductance gq is given by Eq. (20).
By comparing Eq. (21) to Eq. (22), one obtains
Cq =
e2
h
τW , (23)
Rq =
h
2e2
, (24)
Lq = RqτW [4
( τS
τW
)3
+
1
6
]. (25)
The influence of the deformation time τS on the quantum
inductance Lq can be clearly seen from Eq. (25).
Due to the additional contribution from the deforma-
tion time τS , the quantum inductance Lq can have quite
different behaviors from the ones of the quantum capac-
itance Cq. To illustrate this, we suppose the density of
states ρ(E) of the mesoscopic capacitor is given by a sin-
gle Lorentzian peak around E0 with width Γ0,
ρ(E) =
1
π
Γ0
(E − E0)2 + Γ20
, (26)
then according to Eqs. (23) and (25), Cq also exhibits a
Lorentzian peak as a function of EF , while Lq exhibits
a dip around E0, as illustrated in Fig. 2(a). At the
resonance (EF = E0) where Cq reaches its maximum,
Lq reaches its minimum value L
min
q = Rqτ
max
W /12 with
τmaxW = 2~/Γ0. This is just the result obtained by Wang
et al. in Ref. 22. Far from the resonance (|EF−E0| ≫ Γ0)
where Cq tends to zero, Lq reaches its maximum value
Lmaxq = 3L
min
q . By comparing to the corresponding τS
and τW in Fig. 2(b), one can see that the dip in Lq can be
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FIG. 2. (Color online) (a) The quantum inductance Lq (red
solid curve) and quantum capacitance Cq (green dotted curve)
as function of the Fermi energy EF . (b) The corresponding
deformation time τS (red solid curve) and the Wigner-Smith
delay time τW (green dotted curve) as function of the Fermi
energy EF . The thin skyblue line indicates the zero value for
τS.
attributed to the contribution of τS , which also exhibits
a dip around the resonance.
It is worth noting that the relation between Lq and τS
can offer a way to detect the detailed structure of the den-
sity of states ρ(E), since τS is related to the second-order
derivative of ρ(E) [Eq. (17)]. It is interesting to remind
that the first-order derivative of ρ(E) can be accessed
via the thermoelectric capacitance.27 This suggests that
by combining the charge and thermoelectric admittance,
one can obtain more complete information of mesoscopic
systems.
To summarize this section, we have generalize the de-
layed current picture to include the current deformation
effect into consideration. Such effect can be quantita-
tively described by the deformation time τS , which is
related to the Wigner-Smith delay time via a simple re-
lation Eq. (18). The deformation time τS can have a
pronounced impact on the quantum inductance Lq of the
mesoscopic capacitor, making Lq having quite different
behaviors from the ones of the quantum capacitance Cq.
III. NEGF FORMALISM
Although the delayed-deformed current picture offers a
vivid interpretation of the charge dynamics of the meso-
scopic capacitor, the approximation used in the deriva-
tion is rather crude. Some effects, such as the breakdown
of the universality of Rq,
13 are ignored in such picture.
To further validate the conclusions from the delayed-
deformed current picture, we perform more realistic
calculations within the framework of non-equilibrium
Green’s function (NEGF) formalism.
Let us first present the Hamiltonian of the mesoscopic
capacitor which is illustrated in Fig. 1. It can be written
as16
H = HL +HD +HLD, (27)
where HL, HD and HLD describe the reservoir, the QD
and their coupling, respectively. The reservoir Hamilto-
nian HL is derived from a one-dimensional tight-binding
model, which can be written as
HL =
∫
dkε(k)a†kak, (28)
where ε(k) = −2t0 cos(k) is the dispersive relation with
t0 being the hopping between adjacent sites. The Hamil-
tonian of the QD, including the single-particle part and
interactions, can be expressed as
HD =
nd∑
n=1
ǫnd
†
ndn +
EC
2
(Nˆ − nd
2
)2, (29)
where ǫn = n∆ with ∆ being the level spacing. EC =
e2/Ce describes the charging energy with Ce being the
geometrical capacitance. Nˆ =
∑nd
n=1 d
†
ndn is the number
operator of the electrons in the QD with nd devoting the
number of QD levels. The coupling HLD can be written
as
HLD =
∑
n
∫
dk(tknd
†
nak +H.c.), (30)
with tkn being the coupling matrix element.
Within the NEGF formalism, the quantum admittance
gq(ω) can be calculated in the wide-band-limit
28–30 as
gq(ω) = −i e
2
h
∫
dω′Tr[GrD(ω + ω
′)
Γ
~
GaD(ω
′)]
×[f(ω′)− f(ω + ω′)], (31)
where G
r/a
D (ω) represents the equilibrium re-
tarded/advanced Green function of the QD while Γ de-
scribes the level-width function of the QD due to the cou-
pling to the reservoir.28 f(ω) = 1/[1+ exp(β(~ω −EF ))]
represents the equilibrium electron distribution, with
EF being the Fermi level and β = 1/(kBT ) being the
inverse temperature. The Taylor expansion of gq(ω)
with respect to the frequency ω reads
gq(ω) = e0 + e1ω + e2ω
2 +O(ω3), (32)
e0 = −
∫
dωf ′(ω)Tr[GrD(ω)
Γ
~
GaD(ω)], (33)
e1 = −
∫
dω
f ′(ω)
2
Tr[(GrD(ω))
′Γ
~
GaD(ω)
−GrD(ω)
Γ
~
(GaD(ω))
′], (34)
e2 = −
∫
dω
f ′(ω)
6
Tr[(GrD(ω))
′′Γ
~
GaD(ω)
+GrD(ω)
Γ
~
(GaD(ω))
′′ − (GrD(ω))′
Γ
~
(GaD(ω))
′], (35)
5where (G
r/a
D (ω))
′ and (G
r/a
D (ω))
′′ represent the first-order
and second-order derivatives of the retarded/advanced
QD Green function with respect to the frequency ω.
By substituting Eqs. (32-35) into Eq. (21) and com-
paring to Eq. (22-25), one obtains the quantum capaci-
tor Cq, charge relaxation resistance Rq and the quantum
inductance Lq as
Cq =
e2
h
e0, (36)
Rq =
τW
2Cq
, (37)
Lq = RqτW [4
( τS
τW
)3
+
1
6
], (38)
where the two characteristic times τW and τS can be
expressed as
τW = −2i e1
e0
, (39)
τS =
3
√
5
24
− e0e2
4e21
. (40)
To obtain Cq, Rq and Lq, one needs to find the equilib-
rium retarded/advanced QD Green function G
r/a
D . They
can be calculated self-consistently within the Hartree-
Fock approximation as13,16
GrD = [~ω −H +
iγ
2
]−1, (41)
Hmn = δmnd+ EC
(
δnm
∑
n¯
Qn¯n¯ −Qnm
)
, (42)
Qmn = −~
∫
dω
π
f(ω)Im[GrD]mn. (43)
In the calculation, we have assume all the QD lev-
els coupled to the lead with the same strength, i.e.,
Γmn = γ.
12,16 Following Refs. 12 and 31, we choose the
coupling γ as
γ =
∆
πD
(
2−D − 2
√
1−D
)
, (44)
where D describes the probability for transmission
through the QPC. It can be related to the Fermi energy
EF in the lead as
32
D =
1
1 + e−aEF /∆
, (45)
with a being a constant depends on the detail structure
of the QPC potential.
IV. NUMERICAL RESULTS
The computations in this section are performed for the
QD with 29 levels. The parameter a of the QPC is chosen
to be 1.9. The Fermi energy EF and the QD charging en-
ergy EC are all measured in units of the QD level spacing
∆.
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FIG. 3. (Color online) (a) The quantum inductance Lq
(red solid curve) and quantum capacitance Cq (green dashed
curve) as function of the Fermi energy EF . The zoom of Lq
and Cq in the region EF /∆ ∈ [0, 5] are plotted in the in-
set. (b) The deformation time τS (red solid curve) and the
Wigner-Smith delay time τW (green dashed curve) as func-
tion of the Fermi energy EF . The thin black line indicates
the zero value. (c) The total dot charge N of the QD (red
solid curve) and the transmission probability D through the
QPC (green dashed curve) as function of the Fermi energy. In
all the figures, the temperature is set to 0 K and the charging
energy EC is set to 0.
We start the discussion from the simplest case where
the temperature T = 0 K and the charging energy
EC = 0.
33 Let us first compare the behaviors of the
quantum inductance Lq and the quantum capacitance
Cq. The Lq and Cq as function of the Fermi energy
EF are plotted in Fig. 3(a). The corresponding Wigner-
Smith delay time τW and deformation time τS are plot-
ted in Fig. 3(b). We also plot the total dot charge N
and the probability for transmission through the QPC
D in Fig. 3(c) for comparison. From the figure, one can
see that although both Lq and Cq exhibit distinct oscil-
lations as EF varies, the detail structure of these oscilla-
tions are different. For small EF where the QPC is close
to pinch-off (D ≪ 1), Cq exhibits single sharp peaks at
the resonances where the transfer of an electron into the
QD is permitted. For large EF where the QPC is opened
(D → 1), the peak is broadened and its height is de-
creased. On the contrary, Lq exhibits sharp dips at the
resonances when the QPC is close to pinch-off, with two
shoulder peaks appearing at both sides of the dip. As
the QPC is opened, such dip-double-peak structures are
suppressed into smooth shallow valleys.
By comparing to the corresponding τS and τW , one can
see that the behavior of Cq is solely decided by τW , while
the dip-double-peak structures in Lq can be attributed
to the contribution from τS . Hence one concludes that
the deformation time τS does play an important role on
the quantum inductance Lq. It can make Lq exhibit-
ing dips around the resonances. These conclusions agree
with the interpretation of the delayed-deformed current
picture Given in Sec. II.
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FIG. 5. (Color online) The quantum inductance Lq and quan-
tum capacitance Cq as function of the Fermi energy EF for
EC/∆ = 0.0 (a), EC/∆ = 0.5 (b) and EC/∆ = 1.5 (c). The
zooms of Lq and Cq in the region EF/∆ ∈ [0, 5] are plotted
in the insets. In all the figures, the temperature is set to 0 K.
Now let us discuss the relation between τW and τS .
The delayed-deformed current picture predicts that they
can be related via Eq. (18). To check this, we plot the
ratio ~2τ
′′
W /(24τ
3
S) as a function of EF in Fig. 4(a). From
the figure, one can see that the ratio ~2τ
′′
W /(24τ
3
S) is not
exactly equal but quite close to the value 1. Relative
large deviations occur only in the vicinity of the reso-
nances. However, the deviations are modest and the two
quantities τ3S and ~
2τ
′′
W /24 agree quite well, as can be
seen from Fig. 4(b). This indicates that although the re-
lation Eq. (18) derived from the delayed-deformed picture
is not exact, it can be regarded as a good approximation.
Next we turn to study the effect of the charging energy
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FIG. 6. (Color online) The quantities τ 3S (red solid curve) and
~
2τ
′′
W /24 (green dashed curve) as function of EF for EC/∆ =
0.0 (a), EC/∆ = 0.5 (b) and EC/∆ = 1.5 (c). They are
measured in units of (∆/~)3. The thin black lines indicate the
value 0. The corresponding ratios ~2τ
′′
W /(24τ
3
S) are plotted in
(d), (e) and (f), respectively. The thin orange lines indicate
the value 1. In all the figures, the temperature is set to 0 K.
EC . In Fig. 5, we plot the zero-temperature Lq and Cq
as function of the Fermi energy EF with different charg-
ing energy EC . From the figure, one can still identify
the dip-double-peak structures in Lq around the reso-
nances, even for nonzero charging energy EC . Note that
as EC increases, the dip-double-peak structures tend to
be smeared out, making the oscillations in Lq less pro-
nounced. This is similar to the suppression of oscillations
in Cq, which has been reported in previous works.
16,34
The corresponding ratio ~2τ
′′
W /(24τ
3
S) are plotted in
Fig. 6(d-f). One can see that for large EF when the
QPC is opened, the ratio is still quite close to 1 and is
not sensitive to EC . For small EF when the QPC is
close to pinch-off, the ratio is relatively sensitive and it
can deviate from the value 1 as EC increases. However,
the deviation is still small since the two quantities τ3S and
~
2τ
′′
W /24 agree quite well, as can be seen from Fig. 6(a-c).
This indicates that the relation between τW and τS given
by Eq. (18) is still a good approximation for nonzero
charging energy EC , especially for the cases with large
EF when the QPC is opened.
The previous results justify the conclusions obtained
from the delayed-deformed picture: (1) The deforma-
tion time τS can play an important role on the quantum
inductance Lq, leading to dips around the resonances.
(2) The deformation time τS can be approximated from
the Wigner-Smith delay time τW via the simple relation
Eq. (18). These conclusions hold at zero temperature,
despite the presence of the charging energy.
It is then natural to ask what happens to the quan-
tum inductance Lq and deformation time τS at nonzero
temperatures. To study this, we first concentrate on the
quantities τ3S and ~
2τ
′′
W /24 as function of EF at different
temperatures without the charging energyEC in Fig. 7(a-
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FIG. 7. (Color online) The quantities τ 3S (red solid curve) and
~
2τ
′′
W /24 (green dashed curve) as function of EF at inverse
temperature β∆ = 104 (a), β∆ = 50 (b) and β∆ = 20 (c).
The thin black lines in (a-c) indicate the zero value. The
corresponding ratios ~2τ
′′
W /(24τ
3
S) are plotted in (d), (e) and
(f), respectively. The thin black lines in (d-f) indicate the
zero value, while the thin orange lines represent the value 1.
In all the figures, the charging energy EC is set to 0.
c). The corresponding ratio ~2τ
′′
W /(24τ
3
S) are also plotted
in Fig. 7(d-f). From the figure, one can see that at high
temperatures, the quantity τ3S (red solid curve) disagrees
with ~2τ
′′
W /24 (green dashed curve). Accordingly, the
corresponding ratio ~2τ
′′
W /(24τ
3
S) tends to go from the
value 1 at low temperatures to the value 0 at high tem-
peratures. Such effect is more pronounced in the small
EF region where the QPC is close to pinch-off. It is
worth noting that the increasing of the temperature can
induce an overall decreasing of the quantity τ3S , making
τ3S become large negative values at high temperatures.
The large negative τS can have a pronounced influence
on the quantum inductance Lq, leading to quite different
behaviors from the ones in the zero temperature limit.
This is illustrated in Fig. 8. From the figure, one can see
that Lq can go from positive to negative in the region
EF /∆ < 0.73 as the temperature increases. Note that
in the corresponding region, the oscillations in Cq are
largely suppressed, while Rq deviates from the universal
value e2/(2h), which are attributed to the breaking of
the quantum coherence.1,13
In the presence of charging energy EC , one can
also find similar high temperature behaviors of τS and
Lq, which can be seen by comparing Fig. 7[Fig. 8] to
Fig. 9[Fig. 10] for EC/∆ = 0.5 and to Fig. 11[Fig. 12] for
EC/∆ = 1.5. Note that as EC increases, the effect of the
nonzero temperature is less and less pronounced.
According to the previous discussion, one can conclude
that as the temperature increases, the ratio ~2τ
′′
W /(24τ
3
S)
goes from the value 1 at low temperatures to 0 at high
temperatures. Accordingly, the quantum inductance Lq
also show different behavior at high temperatures: It can
go from positive values at low temperatures to large neg-
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charge relation resistance Rq (b) and quantum inductance
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are plotted in the insets of (c). The thin black lines in (c)
and the inset indicate the zero value. In all the figures, the
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FIG. 9. (Color online) The quantities τ 3S (red solid curve) and
~
2τ
′′
W /24 (green dashed curve) as function of EF with inverse
temperature β∆ = 104 (a), β∆ = 50 (b) and β∆ = 20 (c).
The thin black lines in (a-c) indicate the zero value. The
corresponding ratios ~2τ
′′
W /(24τ
3
S) are plotted in (d), (e) and
(f), respectively. The thin black lines in (d-f) indicate the
zero value, while the thin orange lines represent the value 1.
In all the figures, the charging energy EC is set to 0.5.
ative values at high temperatures. Hence, the relation
~
2τ
′′
W /(24τ
3
S) ≈ 1 and the positive definiteness of Lq can
be regarded as signatures of the ac quantum coherent
transport.
V. SUMMARY
In this work, we have examined the characteristic times
which describe the low frequency dynamics of the meso-
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FIG. 10. (Color online) The quantum capacitance Cq (a) ,
charge relation resistance Rq (b) and quantum inductance Lq
(c) as function of Fermi energy EF at different temperatures.
The zooms of Lq in the region EF /∆ ∈ [0, 5] are plotted in
the insets of (c). The thin black lines in (c) and the inset
indicate the zero value. In all the figures, the charging energy
EC is set to 0.5.
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FIG. 11. (Color online) The quantities τ 3S (red solid curve)
and ~2τ
′′
W /24 (green dashed curve) as function of EF with
inverse temperature β∆ = 104 (a), β∆ = 50 (b) and β∆ = 20
(c). The thin black lines in (a-c) indicate the zero value. The
corresponding ratios ~2τ
′′
W /(24τ
3
S) are plotted in (d), (e) and
(f), respectively. The thin black lines in (d-f) indicate the
zero value, while the thin orange lines represent the value 1.
In all the figures, the charging energy EC is set to 1.5.
scopic capacitors. By combining the delayed-deformed
current picture and the numerical calculations within
NEGF formalism, we found that the Wigner-Smith delay
time τW can only capture the ac response of the meso-
scopic capacitor up to the second order of the frequency.
At higher frequencies, a new time scale —the deforma-
tion time τS— has to be taken into consideration. The
deformation time indicates that due to the scattering,
the profile of the outgoing current from the dot is dis-
torted from the incoming one. At sufficient low tem-
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FIG. 12. (Color online) The quantum capacitance Cq (a) ,
charge relation resistance Rq (b) and quantum inductance Lq
(c) as function of Fermi energy EF at different temperatures.
The zooms of Lq in the region EF /∆ ∈ [0, 5] are plotted in
the insets of (c). The thin black lines in (c) and the inset
indicate the zero value. In all the figures, the charging energy
EC is set to 1.5.
peratures when the charge transport is phase-coherent,
τS can be approximated from the Wigner-Smith delay
time τW via a simple relation τ
′′
W /τ
3
S = 24/~
2. At high
temperatures when the coherence is broken, one has in-
stead τ ′′W /τ
3
S → 0. Hence this relation can be regarded
as a signature of the ac quantum coherent transport. We
further show that the deformation time τS can have a
pronounced influence on the quantum inductance Lq of
the mesoscopic capacitor, making Lq show quite differ-
ent behaviors from the ones of the quantum capacitor Cq.
The most striking one is that Lq can change its sign as
the temperature increases: It goes from positive values
at low temperatures to large negative values at high tem-
peratures. Thus the positive definiteness of Lq can also
be regarded as a signature of the ac quantum coherent
transport. These results highlight the importance of the
deformation time on the ac response of the mesoscopic
capacitors.
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9Appendix: Derivation of Eq. (20)
We start from the expression of the quantum
conductance10,11,35
gq(ω) =
e2
h
∫
dE[1− S†(E − ~ω
2
)S(E +
~ω
2
)]
×f(E −
~ω
2 )− f(E + ~ω2 )
~ω
, (A.1)
where S(E) = eiφ(E) [Eq. (12)]. By performing a Taylor
expansion with respect to ω, one obtains
gq(ω) =
e2
h
∫
dE[−f ′(E)− (~ω
2
)2
f ′′′(E)
6
]
+
e2
h
∫
dEf ′(E)eiωτW (E)+iω
3τ3
S
(E)
+
e2
h
∫
dE(
~ω
2
)2
f ′′′(E)
6
eiωτW (E)
+O(ω3). (A.2)
At sufficient low temperatures, the Fermi distribution
f(E) can be well approximated by the step function
θ(EF − E). By perform the integration over E, one has
gq(ω) =
e2
h
− e
2
h
eiωτW (EF )+iω
3τ3
S
(EF )
− e
2
h
iω3
~
2τ ′′W (EF )
24
eiωτW (EF )
+O(ω3). (A.3)
By using the relation Eq. (18), up to the second order of
the frequency ω, the above equation can be approximated
as
gq(ω) ≈ e
2
h
[1− 2eiωτW (EF )eiω3τ3S(EF )
+eiωτW (EF )], (A.4)
which is just the result given in Eq. (20).
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